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1.  SOILRY,

The report describes a method for the solution of non-linear simultaneous
equations, applicable particularly when the number of equations is small, and
the initial estimates are poors.

An example is included in which the method was successfully applied.
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2. OBJECT OF THE INVESTIGATION.

The investigation was carried out in order to find a reliable method of solving
non-linear simlteneous equations which would, in particular, for a small number of
equations give convergence even with poor initial estimates.

3. INTRODUCTIONe

Let there be n simultaneous equations in n variables X,, X5, eee X, the

equations being

Z1 = le (X1 . Xz, cew Xn) = O
Z2 = f2 (X1 F) X2, s Xn) = O (1)
Zn = fn (X1 P Xz, ece Xn) = @

where f1, Tos eee f, are any n functions,

Zys Bgs +e 2y are values of these functions for specified values of

x1, xz’ oo %Q

The basis of the method is multi=dimensional inverse interpolation, i.e.
finding functions to represent approximately the tinverse! functions g. in the
region of a root of equations (1) , where J

Xj = gj (21’ Z2, aos Zn) (j =1 to n) (2)

Substituting Zy = Gy = ese =4 = 0 in these functions will then give an

approximation to a root (X1, Xps ae Xn) of equations (1). This result is then

used to improve the approximations to the 'inverse! functions, and so on, until
a root is found with sufficient accuracyes

or descriptive matter set out hereon are the confidential and copyright property of The English Electric Company Limited

A simple form for the approximete 'inverse' functions is linear in all the z.3
this has proved unsatisfactory in certain cases. Instead therefore the method
described uses polynomial functionss: '
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X, = constant + linear tems + quadratic terms + cubic terms + ..o

{

where

This d

congtant = a

Jo
linear terms = a. .
2
dr t = . - . eoco

quadratic terms aJ’n+1 zy aJ,n+2 Zy Zp * + aj,2n Zy Zy

+a, Rl Z, % (3)

Js2n#l "2 Js3n-1 "2 'n
+ L + a- Z 2
3 Jp n

cubic terms = 25 pHl Z4" + aj,P+2 Z) Zo + ees  €fCe

"l [o-setem]
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As many terms, i, of the series (3) are taken as there are estimates of the
root available.

L. AN ITERATION - EXAMPIE.

In the description which follows, it will be assumed for simplicity thet there
are two equations (n = 2) and 4 estimates available (i = 4), although the method
is perfectly general. Equations (3) then become

A
2
X1 = 5.10 +a1,I Z‘l - a12 z2 +,t‘a,I3 z,] (4)
= a + a Z + a 2
Xp = 8y *+ 8yq Iy 22 Zg * 893 Iy

Suppose the estimates are (x“, x12) : 1 =1 to 4 ,and corresponding to these,
the function values (as calculated by (1)) are (211, Z12> : 1 =1 to L.

Substituting these,we obtain L linear equations each for 819 Bop (k =0 to 3):

2
Xpq = 8yg * Byq Zqq T Byp Fyp * B3 Epy (1 =1 to &) (5)
2

and Xp, = 8p0 + 8y Zpq * 8y Fyp T 83z Fpy (1 =1 to &)

These equations may be written together in matrix form:

- D= - -

ElRS T2 Zip 24y 250 290
2
Xp1 ¥op 1251 Zgp Zpq a;, 8y ©)
= 1 2 a
%31 ¥32 | = Zz4 332 Ep a1p 29
2
1
-XZ|.1 XA.Z ] zl;.'l Zl,.2 zl+1 J a13 a23-‘
Hence
1 z Z 4 x X
210 %20 11 %12 244 11 12
2
214 %oq 1250 Zpp 7py X901 %op
= 2 (7)
810 29p 1854 235 &gy Xzq X3
2
_a,l3 a23_ -1 ZM z42 ZL,.‘I 1L XM XLIZ
Let the inverse matrix in (7) be denoted by [b P] , 50 that
210 20 Prr Pag Paz Py F1 2
o 31 [ | P21 Po2 Poz Pay || T2 Fa2 (8)
a a b b b b X *®
12 %22 31 "32 "33 T34 31 32
b . b, b
| %43 %23 Py Puz Puz P | B T2
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which is a set of 4 linear simultaneous equations for b‘l’l ) b‘|2’ b13, bm.

Thens
— - r 2 - = -
by Pyp PByz Py [T Z4 Fa2 4 10 0
2
by Pop Boz Py | | T Z2r P2 Fpg e 1 0 ()
2 o
by Dzp Dbyz Dy 1 By Bzp By o) 0
2
b 1 0 0 1
P Pz Pz P | LY T Tz P ]
E or, transposing the matrices
¥ N byy by Dy bMT 1 0 0 0
O3
H Zyq Bp1 F3q Pig Pop P3p Bl |0 1T OO (10)
fég Z1o Zop 232 242 'b13 'b23 'b33 'b43 6 0 1 0
23 2, 8, ¢, Bl 0 B B o 0 0 1
£ | 211 21 731 P W T2 T3k Tuk| L )
gfi Now, putting z, =z, = 0 in (4),the values of % and X, provide the new estimate
;‘g <X1 ’ X2) for the root: i
23 X = 2 X, = %y ()
3 _;. where, by (8)
8% [aw azo] % [bﬂ By Py bm] X1 Fqp
- X x
1 21 ¥22 (12)
é 2 Lxll-1 XL'_Z
s¥| and by (10)
it 1111 B, 1
c 3 0
23 z A A -] b
R 11 %2 1 12
£ DRI - (13)
3 Z1p Zpp Z3p o ||P13 ¥
T3 2 . 2 o ok b 0
S E %49 “210 731 T | 1k
§ 5 — — -
é

He AN ITERATION-GENERAL.
Re-writing the example in general terms, the stages required are
(e) Having i estimates, set up the i X i matrix of polynomial terms in
the function valuese Let this matrix be denoted Z.
(b) Tind byq, byps see by, by solving the i linear equations
R EN
11
b 0
12
4012 Z . o (14)
b, . 0
/l
(from (13)) i 4L £
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(c)

Find the new estimate (X1, X2, ccsy Xn) from

[x1 S xn] - [b11 Byy wee b,‘i] Req Kpg ves Ty,
Xog Xpp ** Xop
S : (15)
x1'1 X 2 eee Xin
— =

(from.(12) and (11)).

6o SOLUTION OF THE HQUATIONS.

Suppose now that there are n equations to be solved. (n + 1) initial

estime tes will be required, so that i is set =n + 1.

Applying the general method, array Zz will initially consist of only constant
and linear terms (corresponding to the constant and linear terms of equation (3)),
end will be of size ix i =(n +1) x (n +1)s Using this, the new estimnte
(X1, Xps enes Xn) can be found.

By setting Xn+1,j =

so that i is increesed by 1 to n + 2, Arrey Z may be set up, of size
ix i=(n+2)x (n+2) and containing quadratic terms, and a new estimate may
again be obtained.

Xj (j =1 to n), there are now n-+ 2 estimetes available,

This process may be repeated until a tolerance test is met, i increasing
by 1 on each occasion. The method has been used in the System 4 ALGOL
program HNSAO018Z, and an example of the results obtained is given in appendix 1e
This method has the disadvantage that each iteration tekes longer than the preceding
one.

However other alternstives are available such as increasing Z as above until
it consists of all possible terms of degree not greater than 2 (corresponding
to all the constant, linear and quadratic terms in (3)). Succeeding iterations
would then each be followed. by eliminating the 'worst' of the old estimates, which
is replaced by the new one. This method would have the advantage of limiting
the time taken by an iteration, but it is mot known what would be the effect
on the total time taken to obtain convergencee

7« RESULTS.

The method which has been adopted in the System 4 ALGOL program has given
satisfactory results in several cases. However, ill-conditionality hes arisen
in the following respects:

(a) In later iterations, when terms of cubic or even higher degree occur
in (3), the matrix Z will have elements ranging widely in numerical
valuee The effect may be minimised by 'scaling® the function values
(multiplying by a constant), so that the initial functions have
an R.M.S. velue of 10%, Iteration should reduce the 'scaled' function
values to ebout 10=4. In this way the range of the elements of Z
has been restricted in most cases to 10120, which does not appear to
cause any ill-effect.

(b) TWhen initial guesses were bad, the process converged slowly, or not
at alle

The method has been applied to finding more than one root to a set of
equations. Once a root, say (Rh1’ ha, evey Rhn)’ to the equations has been
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found, succeeding function values z . ere 'corrected' to eliminete this old roote

The only satisfactory method which ﬂas been found for 'correcting' is to divide
each of the function values Zj by

o =(| Xy =By | +[ Xy =Rpp| +eee + [X -Rp])
so that
251 = Zj/ch (3 =1 ton)

The z. are hence divided by the appropricte Sy for each old root, Rh" which
J
has ben foundes

8. RECOMMENDATIONS FOR FURTHIR WORK.

841 Form of Inverse Functionse

The form of the inverse functions given by (3) has been arbitrarily teken to
consist of: a constant, all linear terms, then all quadratic terms, then all
cubic terms etc., in the order given. This is not the only possible form, and
it may be that better convergence will be obtained by taking:

either (a) other forms of polynomiels, The polynomial for two equations with
four estimates has been taken as

2

+ a 1

Xy =Byg FRyq By *Ryp Ty T 043 ®
Another possible form is

. b4 + a 2
34 5 T%a % "2 Y M2 %
Note, however, that to teke terms of a higher degree than the highest
necessary appears to hinder convergence (Hence do not take

X. = &, + a

i i0

=a a 3 +a., Z 5 - 1.5
X =% Y% H i2 Pp T 243 % P etc.)
or (b) Non=linesr terms, €.ge
Xy =2, ta, log Zy + 84, log Z, + aij sin (21 + z2)
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82 Number of Estimates Usede

As mentioned in Section 6, the program mey either retain all estimates or
eliminate old estimates. Some research is needed to find which is the best
alternative.
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9. CONCLUSION.

This d

The method vresented provides & useful means of solving non-linear simultaneous
equations, and improvements may be possible.

D. Celkow

MATHEMATTICS AND THEORETICAL STUDIES GROUP
S2 = THEORETICAL DESIGN
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APPENDIX 1o
An example of the application of the first method described to the solution
of a small number of equations with poor initial guesses.
The equations were 2
bd P 3x, X o 1 =0
2 1 1 2 ('1)
£ 3x 2 = X 3 = @
3 Ky g~ g =
§§ (obteined by separating resl and imeginary parts of o =1 = 0)« All three roots
£ E| were found to a tolerance of ‘10"6; the largest number of iterations taken to
g a find a root was 8.
E‘E First Roote
53 Estimates Functions
g3
52| Initial Guesses  1.0000003 0.2500003 -0.1875003 0e73L3753
fa 0.7500003 045000003 -101406253 04718750;
£3 1,2500003 0.2500003 067187503 141562503
i: 1 1.0269043 ~0.2298613 =00798713  =04715043;
5% 2 1404,9588; ~040186083 0.155174;  =04061491
3 £| Successive 3 1.035265; -0,002973; ~0.109544 3 -0.0095603
i oestimates L 1.003679; 04003116 0.011048; 0.009418;
F E 5 049999663 0.000189; -0,000101; 0.000568;
§§ 6  00999989; 0,0000683 -0,000033; 0,000205;
it 7  1.000000; 10'8; -2x 10'9; 4 x 10'8;
'§§ Root 8  1.000000; 10"13; -3 x 107 % 3 x 10"13;
g :g Second Roote
53 Estimstes Functions
X '
s | Initial Guesses =0.500000; 1,0000003 043750003  =0.2500003
SE
53 ~1.0000003 05000003 ~12500003 13750003
$ -0,7000003 07000003 - -043140003 06860003
:
1 =046230163 0.9246033 043560093 042862163
2 =045289413 048639473 040364273 0.080288;
Successive 3 -0,497870; 08655373 =0.00LL464.3 =0,004787;
iherniell | _0.L99978% 048659743 ~040001653 0.000020;
5 =05000013 0.866027; 7 x 10'6; 7 x 10773
6 =045000003 08660253 5x10M% .3 x40
Root 7 =00500000; 048660253 -l x 10'16; 1% 10712
401/2
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Third Roote
Estimates Functions
Initiel Guesses -0.500000; -1.000000; 03750003 0.2500003
~1 40000003 -0.5000003 | =1.2500003 =163750003
~0,700000; ~04700000; | =0.3140003 -0.6860003
1 -0662,931; -06919014 003393673 -063005463
Successive 2 -045184533 -0,869227 0+0358033 -0.0,4:178;
L 3 =0.4989463 ~0.864475; | -04005598; 0.000411;
L -064998933 —0.865957; -0.000338; -0,000175;
5  -0.499999; -0.8660253 -2 x107(; 2 x 10773
Root 6 ~0.500000; -0.8660253 - 10'10; - 10"11;
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