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POWER EXPANSIONS OF STRONG CONVERGENCE.

§1. PARTIAL SUMS OF POWER SERIES.

The conventional Taylor Series expansion of a function £(z):-

2(z) = £(o) + Sl ;o £2(0) 2, (1.1)

21

is an abbreviation for the more precise formula:-

£(z) = Tim 8,

N o

where the pclynomials Sk are the partial sums:

= (r) r
- = Z f——-—g-;’-f?——z—- (1.2)

The coefficients of the powers of z are uniocuely specified, being the
same in all the partial sums.

But alternatively we could consider a more flexible sequence of
polynomials:=—

= R (z) =g
o) o
R1(Z) :bO +b1Z (1.3)
2
Rz(z) = o  + 0, g+ 0,32

where the coefficients are chosen such that, for z over a specified
range, Lim Rn(z) w £(2),

n-=oco

Here the coefficients of equal powers of z in different polynomials need
not be the same, gnd the coefficients may be so chosen as to be
suitable for a specified range of z.

Functions may be exvandable into infinite series other than
power series, e.g. as a series of Legendre polynocmials.

OO + 01 P1(Z) + L + Ckpk(z> + ..-0. (10}-{->

The k'th partial sum for this series is
57 01P1(z) * son? Ok:k(z) (1.5)

which could be rearranged as a conventional polvnomial :=-

g, + 8,8+ oia ® akzk (1.6)

Here, if the coefficients c. of the successive partial sums (1.5) are
rigidly fixed, then the coel'ficients a, of the polynomial re-
arrangement (1.6) are flexible, i.e. they differ from polynomial to
polynomiale

0f course, we cannot say that the infinite series actually exists,
but only its limit if the series converges. For instance, thc conventional
manner of writing the Taylor series for e :-



2.

2 3
X X
e e (1.7)
ia only an abbreviation of the statement:-
. X x2 xn
¢ HISn Sihmt gy Fine ko (1.8)

where €ﬁ~?~0 as n»x, More precisely, we cen avoid any mention

of infinity and say that tx}

e = (1.9)

which gives us much more information about the convergence of the
secuence of partial sums of the Teylor series expansion 17

FUNCTION SPACE

Functions which are quadratically integrable may be represented
as vectors in the Function Space of Hilbert. (N,B. A so-called
Hilbert Space is much more general than a Function Space).

Let the range of the functions under consideration be normalized
as [0,1]. We shall examine the vectors corresponding to the successive
powers of X.

Pirst consider

¢ (=) (2,1)

1}
el

1
M

Next n

f1(x> = x’, Siiiis fn(x) = x {2,2)

Define the "length" of the vector representing a function f(x) as:-

o=

7 = | j';<f<x> ) (2.3)

Then we get:-
2

r 1
V2 = k A @l T O

o1 2 (2.4)
ko . 4
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The cosine of the angle between two functions f(x) and g(x) is
defined as:=-

(£g) =[ o

[¢]

1 e 1 (2.5)
{ [ e %ad T [ g aef?
Thus (V6V1) = f;1x xdx ;;%é__ = Cos 30° (2.6)
1 x;—%——-

Hence the vectors VO and V1 are not orthogonal -~ rather thev sre at a :~

0 e
skew angle of 30 to one another. Similarly, a1l the vectors
corresponding to powers form a skew set.
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